Abstract. In this paper the scattering problem for the prolate spheroid, AUp + k2Up = 0, is solved by way of an asymptotic parameter expansion, where the spheroid is considered a perturbation of a sphere (which has an exact solution). The error of the asymptotic approximation is then estimated.
Introduction. Generally, the problem of scattering is extremely difficult and few problems can be solved exactly. For most problems, one has to be content with some form of approximate solution. One such approximation type is that which is valid for some parameters. The sphere is one of the very few bodies for which an exact solution of the scattering problem is available, and, combined with the extreme simplicity of the shape, has necessitated the study of other convex bodies (one of which is the prolate spheroid) as a deviation from or a perturbation of the sphere.
There have been a number of studies on spheroids (oblate and prolate) by Van Buren and King [18] , 1972, Senior and Uslenghi [6] , 1969; Sidman and Handelman [13] , 1972; and many others. However, the solution has always been in terms of spheroidal wave functions (radial and angular functions). Senior and Uslenghi (cf. [6] ) expressed the scattering potential for the prolate spheroid in terms of spheroidal wave functions and later (under shape approximation)
represented the scatter potential in terms of spherical functions. However, their expansion is not a parameter expansion.
In Sec. 1 we transform the spheroidal coordinates to spherical polar coordinates, in the limit, as the prolate spheroid tends to a sphere. Then we obtain the reduced wave equation for the prolate spheroid in the form (\ + k2)Up = (\ + k2 + e2Le)Up, (i .01)
where L, is an operator, e is a parameter, U" is the scattering potential for the t p prolate spheroid, and Ap and As are the Laplacian operators for the spheroid and sphere, respectively. where Q2q is to be computed. The motivation for (1.03) stems from the asymptotic expansion for the solution U of (A + k2)U = 0. Sommerfeld and Rung [16] proposed the function e'kr& as an asymptotic expression for U . Later Birkhoff in 1933 [5] These asymptotic expansions, popularly known as the ray method with respect to geometric considerations, and further generalizations have been used quite often in recent years to obtain formal solutions to many problems including scattering (cf. Keller et al. [10] ). Some asymptotic solutions of this form are presented in papers by Anyanwu and Keller [2, 4] ; Anyanwu [3] ; and Lynn and Keller [11] , In the process of developing the theory we look at the separation of variable tech- 2 2 nique of the reduced wave equation V U + k U= 0 as studied by Senior and Uslenghi in [6] . However, we consider a parameter expansion to improve their approximation (see the Appendix). Later, however, we employ the method of regular perturbation so that certain a priori conditions are avoided. The natural choice of £ for our expansion is e = l/a, which gives rise to (1.03). Here a is the radius of the sphere to which the spheroid approximates and / is one half the interfocal distance.
In Sec. 3, an error estimate of the asymptotic approximation is presented. An application of this method [ 17] shows how the radiation from a spherical source near a scattering sphere could be retrieved from a situation where the spherical source is near a scattering prolate spheroid. where 0 < /* < oo , 0 < v < n , and 0 < 0 < 2n . We obtain a prolate spheroid by rotating an ellipse about the major axis ( Fig. 1.1 , about the z-axis); and an oblate spheroid by rotating about the minor axis ( Fig. 1.1 , about the v-axis).
For small values of pi prolate spheroids are rod-shaped and so can be regarded as an approximation to a wire antenna. In the case of oblate spheroids the surface 2 2 2
H -0 is a disc y = 0, x + z = I . From the coordinate system (1.1), we obtain the Laplacian as
where h{ , h2, h3 are metric coefficients given by z -r cos 9, where 0 < r < oo, 0 < 6 < n, and 0 < y/ < 2n . Our immediate task would be to obtain the Laplacian of the prolate spheroid in spherical coordinates.
Our expectation is that such a Laplacian would be the sum of that of a sphere and a small term. To do this, we relate the spheroidal coordinates to the polar spherical coordinates. First, we want to find a suitable parameter that would characterize our small term. We recall that the prolate spheroid is generated by a rotation of an ellipse about its major axis. The equation of an ellipse with centre at the origin will then be \J(x -I)2 + y2 + \J {x + I)2 + y~ = la (L5)
The ellipse collapses into a circle in the limit as //a -» 0. We may then conclude that the prolate spheroid collapses into a sphere in the same limit //a -► 0, since a sphere is generated by a circle. Thus the parameter suitable for our expansion will be I/a , where / is one half the interfocal distance and a (which is finite) is the radius of the approximating sphere. etc.
On substitution of ( and also <f> = y/.
We shall now transform the reduced wave equation (1.3) using (1.20) . To do this, we need the following relations which we may obtain from (1.20):
-= - (7) sin26 e + 0(e ), (1.21c)
We also require the relation
for i = \ , 2 and u^-fi, u2 -v . Also, using (1.12) and (1.13) in conjunction with With Q2 determined the scattered field U of the prolate spheroidal scatterer may then be given as in (2.1).
3. Error estimate in the asymptotic approximation. We shall now estimate the error in our asymptotic approximation. For convenience we shall simply write U as U , so that This is a reduced wave equation in RN for which A is the spherical operator. We may then obtain RN as his error function suggests that the error would be quite small for £-»0, i.e., 0(e4) 4. Appendix. The scattering potential for the prolate spheroid that departs only infinitesimally from the sphere as a perturbation of the solution for a sphere was given in [6] , Separation of variables of (1.28) for which on substitution into (4.6) gives U .
Conclusion. The method developed in this work has been applied to other work by the author [17] . Apart from the usual powerful advantage of a parameter expansion, this method has a special advantage over the traditional methods in that the scattering potentials for the spheroid may be obtained in terms of simpler functions (spherical functions) instead of the more complicated spheroidal functions. Furthermore, scattering and diffraction problems whose solutions are known for the sphere can very easily be transcribed to the spheroidal shapes, and vice versa through a careful limiting process. The scattered potential Up for the prolate spheroid could stand for any other wave function provided linearity in the initial transformation is maintained.
